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nu'  liilMui'iicc  of  ’IVir.t  on  ihi  Motion 
ol'  Ctrriight  K1  I ii)tica.l  J-ts 

t>y 

D.  A.  Caulk  and  P.  M.  Nagiidi 


Abstract.  This  paper  is  concerned  with  a fairly  detailed  analysis  of  the  motion 
of  a straight  elliptical  jet  of  an  incompressible,  inviscid  fluid  in  which  t(ie 
jet  is  allowed  to  twist  along  its  axis.  Our  study,  which  includes  the  effects 
of  gravity  and  surface  tension,  utilizes  the  nonlinear  differential  equations 
of  the  one-dimensional  theory  of  a directed  fluid  jet.  A niamber  of  theorems 
are  proved  pertaining  to  the  motion  of  a twisted  elliptical  jet  and  some  special 
solutions  are  obtained  which  illustrate  the  influence  of  twist. 


liiii’OductLon 


1 . 

In  tho  nontext  of  flu-.  Itiroc,— 'limcnfiioiifil  Uio  motion  of  u fJuid  Jot 

in  nir  is,  in  genoi’nJ,  n diflVitniLt  proMim.  Kor  this  r-'asun,  when  'iooling  with 
such  fluid  jet  probli'ms,  It  lias  boon  customary  to  obtain  approximate  solui-ions 
to  the  three-dimensional  oquations  by  various  meatiS . instead  of  adojiting  a 
procedure  of  tills  kind,  here  we  approach  tiie  subject  from  anotiier  point  of  view, 
namely  via  the  theory  of  a directed  (or  Cosserat)  curve,  which  is  based  on  a 
one-dimensional  continuum  model  comprising  a material  curve  in  Euclidean 
3-space  with  two  deformable  directors  (representiiig  tiie  cross-section  of  the  Jet) 
attached  to  every  point  of  the  curve.  Although  the  application  of  such  a 
direct  approach  to  elastic  rods  has  received  considerable  attention  during  the 
past  decade,  corresponding  studies  for  fluid  jets  have  been  limited  to  a few 
papers  by  Green  and  Laws  [5]  and  by  Green  [2, 3 >4]. 

'Ihe  developments  in  [2,3j5]  are  confined  to  straight  circular  jets,  while 
the  discussion  in  [^]  is  concerned  with  an  elliptical  jet  which  does  not  twist 
along  its  axis.  In  the  present  paper,  we  consider  a fairly  detailed  study  of  a 
straight  elliptical  jet  of  an  incompressible  fluid  and  allow  the  jet  to  twist 
along  its  axis.  This  study  is  of  interest  not  only  because  the  jet  motion  is 
more  general,  but  also  because  it  may  indicate  what  conditions  are  necessary 
for  more  restricted  motions,  such  as  those  in  [2,3,4,51 > to  exist. 

After  a brief  description  in  section  2 of  certain  aspects  of  the  three- 
dimensional  motion  of  the  jet,  in  section  3 recall  the  basic  equations  of 
the  nonlinear  theory  of  a directed  curve  in  the  form  given  by  Green,  Naghdi  and 
Wenrier  [?]  and  also  record  some  specific  results  concerning  an  incurnpressible 
medium.  Next,  in  section  4,  the  basic  equations  of  section  3 are  specialized 
to  those  for  a twisted  elliptical  jet.  At  this  stage  the  field  equations  con- 
tain tliTee  assigned  vector  fields  and  two  inertia  coefficients  which  are  still 
jiispecific'd.  The  Inertia  coefficients  reflect  the  geometry  of  the  cross-suction 


of  the  jet  and  the  assif^ned  vector  fields  involve  the  action  of  the  surface 
tension  and  the  external  pressure,  as  weil  as  gravity*  niese  quantitif-c  are 
identifi'xi  with  an  appeal  to  certain  easily  accessible  results  in  the  df-riva- 
tion  of  the  basic  field  equations  for  rod-like  bodies  from  the  three-dimensional 
equations  as  given  by  dreen,  Naghdi  and  Wonner  [6].  Iliree-dimensional  considera- 
tions of  this  type  are  used  further  in  section  to  provide  appropriate  interpreta- 
tions of  the  kinrmaticE  of  the  directors  and  to  determine  the  relation  of  the 
latter  to  the  twisting  of  the  jet  and  the  way  this  twisting  varies  with  time. 

As  a consequence  of  these  interpretations  we  define  in  section  5 a number  of 
useful  kinematic  quantities,  namely  the  jet  spin  uu  and  the  sectional  shearing  y 
in  the  jet  [see  Bqs.  (5»5)]>  the  sectional  orientation  9 of  the  jet  and  its 
rate  of  change,  called  the  rate  of  sectional  rotation  [see  Eqs.  (5.II)  and 
(5.12)],  and  the  local  twist  per  unit  length  of  the  jet  [introduced  following 
Eq.  (5-12)] . Also  included  in  section  5 is  a brief  discussion  concerning  the 
special  case  of  a jet  of  circular  cross-section. 

Constitutive  equations  for  an  inviscid  fluid  jet  are  considered  in  section  6 
and  are  used  to  complete  a system  of  differential  equations  governing  the  motion 
of  a straight  incompressible  Inviscid  fluid  jet,  referred  to  subsequently  as  an 
ideal  jet  for  convenience.  This  system  of  differential  equations  is  then 
utilized  to  prove  several  theorems  pertaining  to  the  motion  of  an  ideal  jet 
with  and  without  surface  tension.  One  of  the  theorems,  namely  Theorem  6.2,  is 
the  one-dimensional  counterpart  of  the  tliree-dimensional  result  expressing 
permanence  of  irrotational  motion.  Another  result  of  particiilar  significance 
is  Iheorem  6.4,  according  to  which  if  an  ideal  jet  is  noncircular  at  some 
material  point  and  given  instant  of  time  and  if  the  rate  of  sectional  rotation 
vanishes  there,  then  at  the  material  point  in  question  the  sectional  rotation 

*In  the  presence  of  gravity,  the  axis  of  the  jet  must  be  vertical  in  order 
that  it  remain  straight  as  assumed  here. 


v.iil  h.-ive  Dio  same  oop.i-.loul  va  >.i.u  for  uJl  time,  i-'cr '.oV'T  (cee  t'orcMIary  6.?), 
if  Die  rate  of  k<><-1  iuiial  rut.ation  vani  rher;  at  evry  iPiUt-rial  imint  ar.d  if  tlio 
jet  does  not  twist  at  some  instant  of  time,  tiien  the  Jet  must  t'.:  witiiout  twist 
at  all  *v  imes  during  tlie  motion,  in  section  Y we  examine  solutions  of  the 
quations  fLU'  an  inviseii.l  Jet  in  cej’tain  special  vases.  A tficoi'em  of  coi’- 
rc'Spondenct  is  proved  which  relates  all  steady  solutions  for  an  inviscid 
twisting  jet  of  circixlar  cross-section  to  correspoiiding  steady  solutions  in 
the  aleence  of  twist.  In  addition,  we  obtain  a solution  for  the  steady  flow 
of  a uniformly  twisted  elliptical  Jet  and  examine  each  of  the  two  cases  it 
contains.  C'nc  of  these  reduces  to  a solution  given  by  (Jreen  and  Laws  [5]  in 
the  special  case  of  a circular  Jet. 


P. . The  .jet  problem 


'fie  (lisc’iPS  in  this  section  the  tiirc'.— dimenr iorin  1 motion  under  rrsvity  of  (m  incom- 
pressible fluid  jet  in  airt  The  jet  is  assumed  to  be  straight  and  inoyec  parallel  to 
the  gravitational  field.  We  include  in  this  discussion  motions  involving  rotation 
at'Out  tiie  jet  axis  and  assume  that  the  shape  of  the  normal  cross -section  of  the 
jet  possesses  s^anmetry  with  respect  to  two  orthogonal  axes  in  its  plane.  As  a 
result  of  the  rotational  motion  in  the  jet,  the  orientation  of  these  axe.a  may 
vary  continuously  along  its  length  and  thus  give  rise  to  a twist  which,  for  a 
noncircular  jet,  will  be  apparent  in  the  shape  of  the  free  surface.  At  this 
surface,  we  allow  for  a constant  surface  tension  T and  replace  the  ambient 
atmosphere  by  a constant  external  pressiore  p^. 

We  use  a system  of  fixed  rectangular  Cartesian  coordinates  x^ = (x,y,z)  and 
the  associated  unit  base  vectors  i,j,k  such  that  the  z-axis  lies  along  the  center 
line  of  the  jet.  It  is  also  convenient  to  introduce  another  system  of  orthogonal 
coordinates  = (x,y,z),  which  are  related  to  x^  through  the  transformations 

X = X cos  0 + y sin  0 , y = -x  sin  0 + y cos  0 , z = z , (2.1) 

where  0=  0(z,t)  is  a smooth  function  of  z and  time  t.  At  each  instant  of  time  t, 

equations  (2.1)  represent  an  orthogonal  transformation  in  which  the  x-y  plane  is 

rotated  locally  an  amount  0 about  the  z-axis  which  remains  fixed.  Let  e,  ,e_,e 

— i 

denote  the  mutually  orthogonal  unit  base  vectors  associated  with  the  coordinates 


^The  term  ^ as  it  is  used  here  denotes  what  is  sometimes  called  a 'free  jet' 
and  this  usage  should  be  clearly  distinguished  from  others  in  fluid  mechanics. 
We  do  not  consider  a 'two-dimensional'  jet,  i.e.,  a two-dimensional  flow  in 
which  the  fluid  region  is  bounded  by  two  nonintersecting  open  cylindrical  free 
surfaces,  nor  do  we  contemplate  an  immers"d  jet  as  described  in  Schlichting 
[11,  Ch.  11).  The  twisting  jet  considered  here  should  also  be  distinguished 
from  swirling  flow  within  a rigid  surface  of  revolution  as  discussed,  for 
example,  by  Taylor  fl2). 


U. 


- i .sin  9 + J COP  0 


■ k 


iP-?) 


(x,y,z).  Then, 


e^  - i cor.  9 ^ j r ill  9 , 


’ ^3 


V.'e  arrume  that  tie.  rhajit-  of  the  m-rmal  croc.- -.'ec lion  of  the  .jet  trjke.s  the 
for::,  of  an  rllipse.  ihen,  th>'  frc'-  riu'face  of  the  jet  may  be  repi'csented. 
by 


-2  -2 

.2  2 ’ 


(2.3' 


v.nere 


3)^  = 0^(z,t)  , = 0^{z,t)  (2.h) 

are  the  lengtVis  of  the  semiaxes  of  the  elliptical  cross-section.  In  the  form 
(2.3  i 5 9(z,t)  is  the  local  orientation  of  the  ellipse  and  the  three  functions 
® sufficient  to  specify  the  position  of  the  free  surface. 

In  addition  to  the  condition  that  the  surface  (2,3)  be  material , on  this 
boundary  we  must  also  require  that  ti:e  discontinuity  in  normal  traction  balance 
the  surface  tension  and  that  the  shearing  traction  be  continuous.  Thus,  let  t 
denote  the  stress  vector  across  a siarface  whose  outward  unit  normal  is  v . 

Then,  on  the  surface  (2.3)  we  must  have 

t = (q-Pjj')!,  » 

wViere  the  term  q is  due  to  the  S'xrface  tension.  Wit):  the  help  of  (2.1;  ■•nd 
(2.3),  q niay  be  txpr>.Esed  in  the  form 


0- 

Actually  such  a specific  assianption  is  not  necersary  in  some  of  ine  ais.-  ..■'Sior. 
of  the  following  sections. 


5. 


q = X cos  x(0p-  i^)  - x + ip^i^  ‘^'os^  x)]^ 


“2 
2 2 


.2,-2 


t 0^  sin^  X+^2  ^ '’^2  ^• 


2 2 2 2 

- - s»20|2)sii  X COE  X-ej,(02  cos  x ^ c.in  x)J 


X I (^'2'^2z  ■ ^ X + 0j'^2®2 


- (0^^  COE  X - 02^2  x)^  + (0p,  sin  X + 5>i  9,  cos  x)^  + ^ ]}  > (2.6) 


"2z 


1 z 


w'nere  a subscript  denotes  partial  differentiation,  X is  the  polar  angle  in 
the  plane  of  the  cross-section  given  by 


JL  = ^ 
X " H 


tan  X 


(2.7) 


and  X and  y satisfy  (2.3). 


b. 


V.' c r luiun.M r 1 ■/. e in  L 1 li ! : 


Section  l.he  baric  • quat ! or  f bh'  n ) Lot.  >.r  'in 

ii'COi.nprcssible  fl'ild  jet.  Th''t;e  tiro  (Icrivt-'l  l^y  o iif'ct  approach  tn::  d oii  'he 
concept  of  a directed  (or  a Corscrat)  curve.  A continijurn  of  thir  kind,  h..r'o- 
tifter  i'ef erred  to  ar  R,  is  an  oriented  space  curve  to  e\’i-y  point  of  which  tv;o 
directors  are  attached.  We  confine  attention  to  a purely  mechanical  theory  con- 
tained in  tiie  more  general  thermodynamical  development  of  Gre"n,  ilaghdi  and 
Wenner  [?].  ifeny  of  the  results  of  this  section  parallel  those  of  a rolritod  v/ork 
by  Green  f3]>  although  the  present  kinematics  are  somewhat  less  restrictiv'o? 

Let  the  particles  (or  the  material  points)  of  the  rater ial  lin.  of  the 
direct'  ' rve  R be  identified  with  the  convected  coordinate  %.  Tn  the  present 

con*'  n at  time  t,  let  the  space  curve  occupied  by  the  material  line  of 

R : red  to  by  c,  let  r be  the  position  vector  of  c and  d (a  =1,2)  the 

directors  at  r.  Then,  a motion  of  R is  specified  by 


r = r(§,t)  , d = d (§,t) 


(3.1) 


where 


dr 

~3  " df 


(3.2) 


is  a vector  tangent  to  the  curve  c.  The  condition  (3.1)2  will  ensure  that 
neither  of  the  directors  is  tangent  to  the  curve  and  that  d,  and  d„  maintain 
the-  same  relative  orientation  to  each  other  and  to  a^.  We  denote  the  element 
of  -arc  length  along  the  C’urve  by  ds , and  from  (3 .2)  we  have 


j 

\ p 


ds  = d?  , a^2  ^3  • a 2 


(3.3) 


* >jx  kinematics  allow  for  the  rotation  of  the  director  pair  relative  to  the 
tangent  vector  a.  defined  by  (3.2). 


The  Vf'locity  and  director  veiooitieE  ^re  dcrinc-d  ly 


w 


ii.h) 


vh.ere  a Eup-.iTOE-’d  dot  deEignatcs  the  mati  rial  tiir.v'  dirivytiv''  lioldlny  - fixed. 

A Eijnr.ary  of  the  coiiEervation  laws  in  the  per'.ly  ::)et;hanica  1 ih'-ory  oi'  a 

directed  cij^ve  in  intcKral  form  is  contained  in  ['].  For  our  present  purpose, 

it  will  suffice  to  record  than  in  local  form,  namely 

1 . .-L  Sv 

= >^  or  p+  ‘ ° ’ 

bn 


~ + Xf  = \v 

aij  ~ ~ 


> 


+ \l 


a , , aP  • 

= n + Xy  ^ 


(3-^) 


X n + d X + 
~3  ~ ~CK  ~ 


bd 

~g 

^5 


X p 


0 ’ 


where  X is  a function  of  % only,  p is  the  mass  density  (per  unit  le-ngth)  of  the 

curve  and  the  symmetric  inertia  coefficients  y°^^  = y®^^(5)  are  associated  with  the 

director  velocities  w and  are  independent  of  time.  In  addition,  n denotes  the 

~a  ~ 

contact  force,  the  contact  director  forces  and  the  intrinsic  director 
forces  per lonit  length  of  c;  the  vector  fields  f and  represent  the  assigned 
force  and  the  assigned  director  forces,  each  per  unit  mass  of  the  curve.  The  field 
equations  (3-5)  are  consequences  of  balance  of  mass,  momentum,  director  momentum 
and  mcanent  of  momentum,  respectively. 

For  an  arbitrary  part  ? of  the  curve  c of  >1,  the  rate  of  work  by 
all  external  forces  minus  the  rate  of  increase  of  kirn  tic  energy  may  be 
expressed  as 


8. 


iLnii'  '1^ 


o 


[ a • V t p'^  . w I I p(f  * V I 'liir 

^ ^ j ^ ^ 

*•  r 

j]  •>  i 


^ 1 / vB 

- — ,,  p(v  • V I ,/  ^ W ■ v;  ;d:- 

<it  ^ ~ ~ 


wiitre  w ■ havf  -.ic-'d  tlif  l^ot;^t.icytl 


ff 

wO 


f I =r  r I ) - f ( ■ ) 


f) 


■..iUi  Uiu  Ik  Ip  of  (S-T’),  (3-6)  !■>  duces  tc 


PP 

p P d£ 


(3.8) 


where  P defined  by 


dv  dw 

XP  = n . ^ + tt“  . w • p“  • ^ 
~ d§  ~ ~Q  ~ d^ 


(3-9) 


is  the  mechanical  power  per  unit  mass. 


From  now  on  we  restrict  attention  to  a directed  c\irve  which  is  homogeneous 
and  incompressible.  In  order  to  reflect  the  latter  property  in  the  one -dimensional 
theory,  as  in  the  work  of  Green  [3],  we  adopt  the  condition 


dt 


(3.10) 


Itrictly  speaking,  two  additional  conditions  are  necessary  in  order  to  fully 

characterize  incompressibility  in  the  context  of  a general  directed  curve. 

however,  for  the  limited  scope  of  the  present  paper,  the  condition  (3.IO)  is 
¥ 

sufficient.  By  performing  the  indicated  differentiation  and  u.sing  (S.U'l, 
(3.1'j)  may  be  written  alternatively  as 


X a. 


W t d. 

~a  ~1 


X d 


(-11) 


In  an  appendix  at  the  end  of  the  paper,  a 1-1  correspondence  is  established 
between  the  field  equations  (3-9)  of  the  direct  theory  and  tlie  correspondini? 
eq-oations  which  emerge  from  the  three-dimensional  '-quations  when  in  the  ttu'ee- 
dimensional  theory  the  position  vector  is  approximated  by  the  f07-m  . 

Keeping  this  in  mind,  the  specification  of  (3-10)  is  motivated  from  an  •xemlna- 
tion  of  the  condition  of  incompressibility  in  rht  Uiree-dimenslcnal  theory  when 
the  position  vector  is  approximated  by  (A14)-j^.  Gee,  in  this  connection,  the 
last  paragraph  of  the  Appendix. 


9. 


w!;>-»-e  is  the  t,wo-d  Lim-tipioiwl  pfi-mutation  pyinbc’ . To  cu.ipl'  b-  the  t.ti'  ory 
cf  u dir'.'Ct  Hil  ciirv>-  iiiilrr  Hit  ei'M;:  I i"i  ini  eond  i t.  icn  .!<  ) or  • w . .r 


itmt  F-ach  of  the  I’nnetionp  n,n^  and  is  d"tirr.;i.  1 to  within  an  additiv 


'cristraitit  t-eeponce  so  that 


- A 


n = nt  n , r\^  - n“  t , p‘“'  » p'“  , 

A ^"Vv 

wh'-rc  n,  find  p are  fJ(.-terml runl  by  consbitulivv  Li^uutions  and  the  I’niictions 
n(^,t),  and  p^(^,t)  are  the  ri-eponse  dne  to  the  constrairit;  the  latter 

quantities  are  arbitrary  functions  of  r,t  and  do  no  v/erk.  Introducing  the  La{q:-ange 
Multiplier  p and  with  reference  to  the  expression  (3-9)  for  the  m< ical 
power,  the  constraint  response  functions  n,  n and  p inust  satis.y 


_ _ _ Q _ Sw 

(n  + pd  X d ) ■ ^ -t  (tt*^  t-  pe'^’^d  x a ; * w t-  p“  • = 0 

~ /dr  ~ ~P  ~0  "O  ~ Ot 


(3.13) 


or  all  values  of  dv/d^,  w and  dw  /d?  subject  to  the  constraint  (3. 10).  fince 
^ /MX 


p is  arbitrary,  it  follows  that 


— — — d — exS  — 

n = - pd^  X ^ , n = - pe  X , P = 0 . 


(3.14) 


Apart  from  the  constraint  (3. 10),  the  preceding  equations  are  fully 
general  within  the  context  of  the  theory  of  a directed  curve.  In  the  next 
section,  however,  we  specialize  the  foregoing  results  to  the  case  of  a straight 
jet  and  consider  a class  of  motions  which  is  of  particular  Interest  in  the 
pres.-nt  paper. 


10. 


'*  • A r,i.r;iir.ht  Jt  t witl:  ‘.wit  t. 

Ill  terms  of  t,h-‘  I'ix'  l :;,rt'ip.  of  '•Qorrli in t' (x.y,z)  I iit.roil'ici  li  in  recrtion  ?, 
■We  now  coi.f.idt-r  mctii  ns  oi'  n dir'  Ct-  i c irv^  in  wr.lch  the  inntf-ricil  J inc  of  R ir. 
ident  ifif  'i  with  the  z-uxir  nini  tdu-  directin'  pnir  .lies  in  the  x-y  plniie.  Kor 
Inter  conveniti'iiee , however,  vK-  fir;  t -orini  i'-r  irud  i cns  cf  R at  time  T"'t.  'iluir, 
ift  r(T)  = and  d (x)  = d {%,t)  desipnnte  at.  time  x l.he  position  V'ector  of 

~ ~ ^ • '■<K  ~Q( 

the  material  i ine  of  R and  tiie  directors,  ro-speeti  vely ; and,  with  reference  to 

the  present  configni'ution  of  R at  t.ime  1,  we  adopt  the  notations  r = r(t)  and 

i =d  (t).  Then, 

-"O'  -a 

r(x)  = zk  , (4.; 

d^(x)  = 0^(i  cos  iji^  + ^sin  , ^(x)  = con  + £ sin  -ii^)  , 

(4.: 

[dj^(T)^(x)a^(x)]  / 0 , 

w'here  z,  ® and  are  each  functions  of  p and  x and  a_(x)  = dr(x)/dii*  In  view 
of  (4.2)2,  the  functions  and  are  so  restricted  that 

sin(ij[2-ijrj^)  ^ 0 . (4.; 

It  is  clear  from  (4.2)  that  the  directors  lie  in  the  plane  of  the  normal  cross- 
section  of  the  jet,  but  they  are  not  necessarily  orthogonal.  From  (3.4),  (4.1) 
and  (4.2),  the  velocity,  the  director  velocities  and  the  director  accelerations 
at  time  x are 


v(x)  = vk  , V = v(t)  , 


w ( X ' 
~a 


= w (i  cos  '.ii  + j sin  ) + x 3 (-i  sin  -If  + j cos  .i;  } (no  som  on  a)  , 

a ~ a ~ y a 01  ~ a ~ a 


w = w (t^  , 

~a  ~CK 


11. 


V (t)  = ^ ^ c - V')(i  (.-us  ii(  t j L'.ln  <];  ) 

~Q  a a a a ~ a~  a 


^ t (2C  Mi  too  )(-i  ain  * j f ■;  , 
a a a 01  a ~ ct 


(no  r un  uti  ,yj  , i^i.C) 


where 


v(t)  = z(t)  , w(t)  f)  (t)  , L ' t)  {l 

a a ot  ot 


find 


w (t)  = 0 (t)^  (t)  (no  ruri  on  aj  . 
a a a 

It  should  be  clear  that  the  functions  v,w  ,(u  ,i];  r-nd  C in  (^4Jt)  to  (4.’-,  ■h.-ni'nd 

a a a a ' ' 

on  I and  t,  although  this  dei)endence  has  not  been  explicitly  displayed. 

Also,  the  superposed  dots  in  (4.6)  to  (4.8)  stand  for  the  material  time  deriva- 
tive with  respect  to  t.  Now,  without  loss  in  generalit.y,  we  may  fix  the  orienta- 
tion of  the  directors  relative  to  the  material  line  of  R in  one  configuration. 

In  the  present  development,  we  make  this  choice  relative  to  the  present  configura- 
tion and  take  the  directors  to  be  orthogonal  at  time  t,  i.e.]" 

<>^(§,t)  = 9 , i.,(^,t)  = 9 + ^ , (4.9) 


where  9 is  a function  of  p and  t.  We  leave  9 unspecified  for  the  moment  and 
return  to  it  later  in  this  section.  Using  (4*9)  and  (2.2),  the  directors, 
the  director  velocities  and  the  director  accelerations  at  time  t can  be 
L-.-  - expressed  as 


ii  “ ^l£l  ’ ^2^2  ’ 


Wi  = ^iCie^ta^lj^)  , ^ 


(4.10) 

(4.11) 


It  should  be  noted  that  this  specification  is  made  after  calciilating  the  .xpres- 
sions  for  tne  director  v<  locltief.  (4.8)^^  and  accelerations  (4.6). 


A 


in  cl 


^ - (Cp  •'  Cp  -'4\^_  - ' ^2^^2Zl  • 


,-J.so,  by  (3-2).  li-3)  and  (U.l),  we  have 


“3  " ’ 


(’1.13) 


where  a prime  denotec  partial  differential  ion  with  respect  to  %.  ’-.'ith  the  help 

of  (4.10)  and  (4.13)^,  the  nonvanishing  constraint  response  functions  (3-l4) 


reduce  to 


The  incompressibility  condition  (3-H),  view  of  (4.10),  (4.11;,  (4.4) 
and  (4.13.,  becomes 


(4.14) 


z 'i2^i  ^ ’^1^2'^  ' ~ ^ 


(4.15) 


and  from  combination  of  (4.15)  ari'i  (4.8)  we  have 


r + C + V =0 
n ^2  z 


(4.16) 


Alternatively,  (4.15)  can  be  written  in  the  form 


° ■ (‘+•17) 

i:ow,  in  terms  of  (4.4)  and  (4.13),  the  differential  equation  (3.5)j_  for  the 
mass  density  p can  be  expressed  as 

n 4 pv  =0  (4. 18) 


and  this  along  with  (4.1?)  results  in  the  solution 


13. 


('+.19) 


W’KTf  f is;  'in  orhi  ti-i t-y  functiun  of  r only,  .'  ince  w<  hovt;  'j.c.'  -jji.-vJ  ' ne  modiiiw 
to  b«?  hoiuogeiK-ous , 3 muet  bo  a constant;  -ind  thus,  a.siih>  from  a factor  p,  the 
c nstroint  (1.1!  ' .C'-rmits  us  to  i.ienf  ify  the  density  p of  the  jet  with 

In  addition  to  t.he  special  choices  ('i.l)  and  (1.2),  we  further  restrict 
attention  to  a jet  in  which  the  shape  of  the  noririal  cross-section  possesses 

M 

two  perpend j cular  axes  of  syranetry.  If  we  choose  9 in  ('t.Q)  such  that  it 
measures  the  angle  between  one  of  these  axes  and  the  x-;txis,  we  may  then 
characterize  this  geometric  syanmetry  through  the  requirement  that  at  time  t 
the  kinetic  . nergy  p-r  unit  mass  due  to  the  directors,  i.e.,yy'^^w'  -w  , 
remains  invariant  under  the  separate  transformations 


-ii 


or 


Hence,  we  conclude  that  the  coefficients 


12  21 

y ,y 


must  vanish: 


12 

y 


(1.20) 


(4. 21) 


Next,  we  examine  the  reduction  of  the  field  equations  (3-5)„  _ . . With 

^ 5 O J ^ 

(3-12),  (1.10),  (I.I3)  and  (l.ll),  the  moment  of  momentum  equation  (3-5)j^ 
becomes 


A 

X n + d 


X n 


ad 


X P = 0 


(1.22) 


identity  which  places  restrictions  on 
and  p . With  the  help  of  (3.12),  (1.1), 
(I.IO)  to  (l.ll)  and  (1.21),  the  inomentui;i  and  dii-ectoi'  momentum  equations 
(3.5)0  -5  reduce  to 



• 

Note  that  this  is  a purely  geometric  restriction  and  in  no  way  limits  the 
gen<-xaLity  of  any  materiel  sjTmetry  that  may  be  present  in  the  jet.  In  line 
with  the  r*-marh  iriade  in  the  footnote  following  hq.  (2.2),  it  should  be  noted  that 
at  this  stage  in  the  development  by  the  direct  approach,  the  assumption  that  the 
cross-section  is  an  ellipse  has  not  been  explicitly  utilized.  In  fact,  the  con- 
clusion (1.21)  ifi  not  limited  to  elliptical  j-^ts  and  the  assiimption  that  the  cross- 
section  is  an  ellipse  is  actually  introduced  in  the  direct  theory  by  (1.28). 

11. 


ITie  expression  (1.22)  is  regarded  as  an 

A 

^he  form  of  the  response  functions  n,n 


n'  - {0  ^ \£  ■-  \vo^  , 


' ‘ "■  '^\  ' *■  * ^]  ’ ('‘-s'u 

'S'  ' ^£  S - ^^\'^'u>.  ^ ^Ei  ' • ('*  •2^'' ) 

In  order  to  specify  appropriate  forms  for  the  assi|3ned  vector  fields  f and 

a 11  22 

£ , as  well  as  the  inertia  coefficients  y and  y , we  now  make  use  of  various 

three-dimensional  results  recorded  in  the  Appendix.  In  terms  of  the  convected 

(lagrangian)  coordinates  0^  (i= 1,2,3)  defined  over  the  three-dimensional  region 

of  space  occupied  by  the  fluid,  as  well  as  the  kinematic  assumption  (Al4)^,  the 

base  vectors  and  thi  determinant  of  the  metric  tensor  g are  given  by 

§1  " ^lEl  ’ & " ^2^  ’ 

= z '{62+ 9^(01^^ +010^^)  + , (4.26) 

i 

= tg,l§2S3]  = z'0^02  , 

where  we  have  made  use  of  (4.1),  (4.10)  and  (A1).  To  be  consistent  with  the 
geometric  symmetry  characterized  by  (4.20),  the  function  F,  which  determines 
the  lateral  free  boundary  of  the  jet  through  the  expression  (A?),  must  satisfy 

F(e^,0^)  = F(-e^,0^)  = F(9^,-0^)  . (4.27) 

Restricting  attention  to  the  case  in  which  the  cross-section  of  the  jet  is 


elliptical  and  specifying  F by 


F = (9^)^+  (9^)^  - 1 , 


it  is  seen  from  (4.10)  and  (A14)  that  (4.28)  is  equivalent  to  (2.3)  . It  ther 
follows  from  the  combination  of  (2.5)  and  (a4)  that  at  the  surface  (4.28)  the 
vector  fields  assume  the  form 


15. 


Oi-29) 


= (q-p  )g^g^ 

o ~ 


where  q is  given  by  (2.6).  Also,  since  the  axis  of  the  Jet  is  parallel  to  the 

¥ 

(gravitational  field,  the  body  force  vector  f is  given  by 


f 


(1.30) 


where  we  use  the  temporary  notation  g for  the  gravitational  constant  in  ord.-r 
to  avoid  confusion  with  the  determinant  of  the  metric  tensor  g.  Using 

(4.26)|^,  (4.29)  j (4.30)  and  (A12),  the  expressions  (AI9)  and  (A20) 
r**duce  to 


\f  = - p'z  '0^02® ^3  J ' I ) ) 

a 

u“  = - [ (p  -q)g^e“(g^de^  - g^de^)  , (4.32) 

~ •'aa  ° 

where  p is  the  constant  (three-dimensional)  density  of  the  fluid.  The  region 
of  integration  a boxmded  by  SQ  is  defined  in  the  Appendix.  In  the  present 
case,  da  denotes  the  closed  curve  (4.28)  and  Q is  the  section  of  a surface 

3 

9 = const,  enclosed  by  dQ.  In  addition,  from  (4.26) 
g2(g^de^  - g^d9^)  = - gg  X [gj^de^  - g^de^] 

= -z'[0^^-  (9^0^e^+0^02^92)e2]de^ 

+ 7. '[02^+  (9^020^ -02012 9^ )£3]d0^.  (4.33) 

An  examination  of  the  expression  (2.6)  for  q reveals  that  it  possesses  symmetry 
properties  that  may  be  characterized  by 


q(0;j^,02»92’^^  " q(0i>02’®z’^'^^ 

q(0^,02*02>x)  = q(02»0i.9,2,X  f) 


(4.3^+) 

(4.35) 


16. 


Aclunlly  thf?  fiinciiuu  q,  in  nddiUoti  to  J and  <5  , di  penda  alao  on  i and 

a z cyz 

iai.ti'^-  dfjp''ndotu;e  in  not  (.-xpiicH.ly  diapl  ayofi  in  (^1.3*0  and 

(U.35),  the  argument  i ia  taken  to  stand  I’or  the  triple  {h  ,3  ).  e'e 

a a or-'-  otz'z 

adopt  the  Eiune  not.ation  for  the  arguments  of  the  functions  h°^^  introduceii  h'^liw 

X 2 

K-.eping  t’ne  syiiuiu.-try  (h.3h)  arid  {h.3'))  in  mind,  v:c  first  pa’'am.,-t>  r i ze  9 •ind  0 
on  the  closed  curve  (^(.28)  by 


1 

9 = cos  X 


0 S X S pTT 


('*.36) 


in  vi' w of  (t.34)  and  the  symmetry  of  the  trigonoir.etric  futictioris  in 
(4.36),  v;e  then  easily  conclude  that 


j qd0“  = 0 , r q0“9^d9"^  = 0 (cv, « , Y = 1 ,2 ) • (4.3?) 


Wow  put 


,0  ,q  ) = r q9“d0^ 

^ ^ -'da 

and  observe  from  (4.35)  and  (4.36)  that 


(4.38) 


(4.39) 


Hence,  only  two  of  the  four  functions  defined  by  (4.38)  are  independent.  For 
convenience,  we  set 

12  11 

h = h , m --  h (4.40) 

and  in  what  follows  express  all  integrals  uf  the  type  (4.38)  in  terms  of  h and 
m.  After  performing  the  integration  in  (4.31)  and  (4.32)  with  the  help 
of"  '^4.33)  to  (4.40),  we  obtain 


17. 


U'^  = 7^'i)^[-rvp^^h{(t)^,0^,^^)]^- ■z.''t,^.{:l)^,0^,<$i^)^  , 

2 

X£  = Z 'Jj^[-TTP^  ■*  h(02»0j^»9,^)]£g  + z 'd2m(2>2,2>j^,0^)e^  , 


('kUD 

(4J42) 

()4.43) 


where 


h(0 


2 


(4.44) 


m(0  ,0  ,9  ) = - |-  q sin  2x  dX  , (4.45) 

1 ^ Z Jq 

in  view  of  (4.36),  (4.38)  and  (4.4o).  We  do  not  record  here  the  explicit 
expressions  for  h and  m,  since  they  will  not  be  needed  in  their  most  general 
form  in  the  subsequent  development.  However,  it  may  be  noted  that  due  to  the 
additional  symmetry  of  q when  Q^  = ^ "the  function  m satisfies 

m(0^,02jO)  = 0 . (4.46) 


Also,  by  (4.39)^  and  (4.40),  we  have 


(4.47) 


so  that  m vanishes  identically  in  the  absence  of  twist  (6^  = 0)  or  in  the  case  of 

♦ 

a circular  jet  (0j^  = 02)- 

Hext,  we  use  (AlO)  and  (A2l)  to  determine  \ and  y“®.  From  (AlO),  (4.26) 
and  (4.28),  we  obtain 


X = p nz  0^(0^ 


(4.48) 


The  notion  of  twist  and  the  conditions  under  which  the  Jet  is  circ.ilar  will  be 
made  more  precise  in  the  next  section. 


i8. 


•J 


which,  together  with  (3»5)j_  and  ()Kl3)p,  yields 


p = p 1^0^02  . 


rince  p is  constHnt,  comparison  of  (4.48)  and  (4.19)  s<uggests  that  w put 


p = p n = const. 


Using  (4.48)  in  (API),  we  again  obtain  (4.?l)  and  the  valuer. 

1 ,c: 

11  22  1 

y = y = 17  . 

Finally,  if  we  use  (4.4l)  to  (4.43),  (4.48),  (4.21)  and  (4.51)  in  the 
field  equations  (4.23)  to  (4.25),  they  become 


M X 


(4.52) 


Al,  , 


+ ^ np*03^2("i)l + 2;^U)^)}^  ,■  (U.53) 


-2  2 


i , (4.54) 


where  we  have  put 


P (r  - ^PQ)*>j^i>2  • 


In  the  spirit  of  the  developments  outlined  in  the  Appendix,  we  note 
— » 

in  passing  that  p can  be  reltited  to  the  pressure  p in  the  three-dimensional 
theory.  To  see  this,  we  write  the  constraint  rp.'siionse  for  an  incomi'ressible 


(4.55) 


19- 


fluid  in  the  form 


" ^ i 
P Eg 


(4.56) 


If  we  assume  that  n is  the  intef'yated  resultant  of  tlu-ough  the  definition 
(A13)j,then  with  the  help  of  and  (4.26)^  wo  have 

p - r p*de^d0^  = f p*da  , (4.57) 

where  da  is  the  element  of  area  in  the  normal  cross-section  of  the  jet.  Thus, 
from  a three-dimensional  point  of  view,  P0^0^  is  the  resultant  force  due  to  the 
pressure  p**  on  a cross-section  of  the  jet  and  p/rr  represents  an  average  pressure. 

If  we  denote  this  average  pressiire  by  p,  then  (4.55)  may  be  replaced  by 


p = tt0^(J2(p-Pq)  . 


(4.58) 


20. 


5 . Additional  kiuojgatlo  consideTations. 

In  this  section,  we  examine  in  more  di-tai  I the  kinematics  arrociat'Mi  with 
the  rotation  of  the  directors  in  tlie  piano  noT'msl  to  tiie  axis  of  i.iio  Jet.  In 
particular,  we  appeal  to  the  tiiree-dirnerisiona  1 developments  of  tiie  ta.sic  e-quations 
outlined  in  the  App'-ndix  to  provide  physical  insi^jht  into  the  natuxe  of  the  kine- 
matic variables  and  defined  by  (U.Y)^  -for  the  dir^  cted  fluid  jet. 

n-'ferred  to  the  orthonormal  basis  e^  introduced  in  section  2,  i.he  three- 
dimensional  velocity  field  v in  (A<?)  can  be  expre.s.sed  as 

<<  1 2 A /V 

V = V 1-v‘^  + v 0.^  • (5-1) 

From  (5.1)  and  (2.2 ),  the  component  of  the  vorticity  vector  in  the  direction 


of  the  jet  axis  at  time  t is  c«lculated  to  be 

1/  1 /5v  dy_N  ifl  Sv  I dv  1 

jicurl  V ) ■ e = si— Z-)  = StZ f ~ I • 

~ dx  Sy  ®1  d9 

Let  D denote  the  rate  of  deformation  tensor with  components  d.  . relative  to 

1 j 

e^.  Then,  d^^  represents  the  rate  of  shearing  in  the  plane  of  the  cross- 
section  at  time  t and  is  given  by 


(5.2) 


d,^  = e, 


dx  dy 


d9^  h d9^ 


(5.3) 


Consider  now  the  approximation  (A15)^  for  the  thj’ee-dimensional  velocity 
field  in  the  fluid.  Using  (4.4),  (4.8)  and  (4.11),  (A15)^  takes  the 


v’  = (w^9^  ■ ^£,1  (w^e^  + 'ju^:!^9^)^,  t ve^  . / .u 

Cubstitution  of  the  appropriate  components  of  v as  given  by  (5.4)  into  (f.2)  and 
(5.3)  yields 


^Recall  that  the  rate  of  deformation  tensor  is  dt.  fined  as  the  syirum  trie  psrt 
of  the  gradient  of  the  velocity  v*. 


2(carl  V ) • > 


(b.'O 
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'^■'"2) 


Thus,  the  rotation  components  u)^  and  of  the  director  velocities  may  be  com- 
bined in  the  manm-r  indicated  by  (b'5)-,  o suggest  physicalLy  meaningful 

1 ,2 

quantities,  and  it  may  be  useful  to  adopt  uu  and  y as  alternative  kinematic 
variables  whenever  interpretation  is  important.  Vie  call  uu  the  Jet  spin  and 
Y the  sectional  shearing,  in  the  jet. 

The  rotation  of  the  directors  may  also  give  rice  to  a change  in  the 
orientation  of  the  elliptical  cross-section.  In  order  to  display  this  relation- 
ship explicitly,  we  need  to  dispose  of  some  preliminary  analysis  based  upon  the 
results  recorded  in  the  Appendix.  To  this  end,  consider  the  position  vector  p 
of  a typical  point  in  the  three-dimensional  body  at  some  time  t.  Recalling 
(A14)^,  as  well  as  (4.1)  and  (4.2),  it  may  be  written  as 

p(t)  = p(0“,|,Tj  = zk+  (9^0^  cos  + 9^0^  cos  iig)!  + (9^0^  sin  + 9^0^  sin  ^2)1  • (5-6) 

1 2 

It  follows  that  the  position  (x,y)  occupied  by  the  material  particle  (9,9) 
at  time  t is  given  by 


X = 9^0^^ 

cos  \|[^  + 

9^02 

cos 

^2  ’ 

1 

sin  + 

sin 

'i>2  ’ 

y = e 0^ 

9 02 

where  since  we  are  concerned  only  with  details  in  the  cross-section  of  the  jet 
we  omit  explicit  reference  to  z or  9^.  Inverting  (5*7),  we  obtain 


22. 


J3  ^ , 9 ■ ' X sin  - y cos  , 


9 = - X sin  'iij  I y cos  , 


wh'^re 


- cos  sin  -ii,,  - sin  cos  ^ sin(vj  - ^;i^)  / 0 (^?- 

(•nd  where  use  has  been  rsade  of  (4.3)*  Wow  the  fre-'  s’irS.nee  ir  loe;^t,ed  by  +be 
ti::ie-inv;iriant  expression  (4.28).  Thus,  after  substituting  (y.6)  into  (4.28), 

W'_'  can  locate  the  position  of  the  free  surface  in  the  plane  of  the  norw.al  cro.-s- 
section  of  the  jet  at  an  arbitrary  time  t.  This  leads  to  the  expr'-ssion 


(jl^  sin^  'ill  * -h  )xy 


2 ■*'1 


/ 2 2 2 ,2  / 2 

* y<t)^  cos  ^2 


By  a well-known  formula)  the  angle  9 that  a semiaxis  of  the  ellipse  makes 

relative  to  the  fixed  Cartesian  x-axis  is  given  by 


:.an  20 


2 2 

Sin  2^^  + 02  sin 

_ _ 

0^  cos  2i|;^  + 02  ^t2 


Thus,  0 is  a measure  of  the  orientation  of  the  cDliptical  cross-section  of  the 
jet  and,  in  view  of  the  discussion  preceding  (4.20),  it  is  clear  that  9 it, 
(5.11)  may  be  identified  v;ith  its  counterpart  in  (4.9)  at  time  t.  We  call  9 
the  sectional  ori entation  of  the  jet  at  a point  Taking'  the  material  time 

deri'.'ative  of  (9.11/,  evaluating  the  result  at  tisie  t and  making  use  of  .4.9; . 
we  obtain 


• ^2  ~ ^I'^l 

9-22 

02  - 3, 

which  is  an  expression  for  the  ti.me  rate  of  change  of  the  sectional  orientation 


ee,  for  example,  !:cble  [q],  p,  379. 


at  Ve  call  9 the  rate  of  sectional  rotation.  The  hwistin^  of  the  jet  ir 
associated  with  tiie  spatial  variation  of  9.  H*,'nc-  . 9 r.ay  r<-p,ur  i‘ d 

as  representing  ttie  local  twist  per  unit  length  of  ' h'-  *.  i.r  riir.ply  the  -.y; ; at!' 

Before  proceeding  further,  it  is  of  interest  I.0  ii-ai*  eorreri  oi.Jencc  i ■ tve.'.n 
an  aspect  of  Uie  kintjiiatics  of  a directed  cirve  as  giv  n oy  !i-ick;  en  and 
lYutsdell  [1]  and  the  present  developments,  for  a twisted  Jet.  In  oia-  notation, 
th.se  authors  have  called 


d' 

~a 


(‘u.13) 


the  components  of  the  wryness  of  the  directors  along  the  curve  c of  »t.  With 
(i+.lO)  and  (5.13)5  for  the  twisted  jet  we  have 


i'-ii  = = ^V2®z  ’ 


2z  ■ 


Hence,  in  the  special  case  when  the  length  of  each  director  is  constant  along 

c,  the  wr;/ness  corresponds  to  the  twist. 

Peturning  to  (5-12),  we  note  that  this  expression  for  3 is  a purely  kine- 

matical  result  and  rests  on  the  established  connections  between  the  theory  of  a 

directed  C’xrve  and  developments  from  the  three-dimensional  theory.  With  the  help 

of  (5-5)  we  may  express  (5-12)  in  the  alternative  and  perhaps  more  revealing  form 

2 2 

9 = 0)  + y{-^_ 1)  . (5.1 

This  suggests  that  the  sectional  rotation  is  due  to  the  sectional  shearing  as 
well  as  the  jet  spin. 


It  may  be  noted  that  in  general  sectional  rotation  will  cause  a change  in  the 
twist.  We  also  observe  that  even  though  0 may  vanish  everywhere  in  the  jet, 
the  jet  may  still  twist.  This  is  because  9=0  implies  orJLy  thiat  9 is  a fuTiC- 
tion  of  f and  not  that  9 is  constant. 
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rince  tho  ccct-ionai  ori'-ntation  can  bf;  del’incKi  only  when  the  jet  is 
noncirc'ilar , (t.l2)  or  ('^.15)  are  valid  on  long  uc  can'-  cjf  a 

circular  jet  must  he  treated  separately.  For  tliis  pui’pose,  we  first  obsei've 
that  the  necessary  and  sufficient  conditions  for  (^.LO)  to  represent  a circle 
•u'e 

^2  ^-'^2  ' H ^’t’l  " ^ ’ 

(^.16) 

cos  f cos  2-i^  = 0 . 

bince  and  cannot  vanish  in  view  of  and  (If.lO),  it  follows  that 

tan  = tan  2^^^  (l?-17) 

and  the  only  solutions  of  (5.I7)  consistent  with  (^.3)  are 


Now  if  we  substitute  (5.I8)  into  (5.I6),  we  obtain  the  result 


(5.18) 


~ ^2  ^ ^ 


(5.19) 


where  ^ is  the  radius  of  the  circular  jet. 
we  also  have 


Using  (5.18)  and  (5*'’)> 


'juj^  = ii)2  ~ » V = ^ • (5.20) 

The  res'llts  (5.1o!  to  (5.20)  are  valid  for  time  t.  In  particular,  recalling 
(I.9)  and  (5.18),  we  may  identify  0 with  and  write  for  all  time 

e = = ^2  = , (5.21) 

where  0 refers  only  to  the  orientation  of  the  crtnogontil  director  pair  sii.ee 
the  croES-section  is  now  completely  symmetric. 
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Therefore,  in  the  special  case  of  a circular  jet  we  must  replace  (5*5) 
and  (^.12)  by  (b.20)  and  (b.2l),  respectively.  T>ie  rcr.ult  (b.21)  cannot  be 
obt.'iincd  directly  from  (‘>.12)  or  (5.15)  since  each  has  a singularity  at  ~^2‘ 
In  a circular  jet,  9 is  associated  with  the  rate  of  rotation  of  the  director 
pair  which,  by  (5<2l),  is  the  same  as  the  Jet  spin;  and  a*-'.circixlar  jet  twi.“^ts 
if  the  orientation  of  the  director  pair  is  not  constant  along  its  length.  Of 
co'irse,  due  to  the  symmetry  of  a circular  jet,  evidence  of  twist  will  not  be 
apparent  in  the  shape  of  the  free  si.irface. 

In  certain  problems,  the  jet  may  experience  a transition  from  an  elliptical 
cross-section  to  a circultir  one.  This  may  be  accomi;iOdated  by  requiring  0 to  be 
continuous  at  the  transition. 
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6.  An  Invlscid  directed  fluid  .jet: 


Some  p;eneral  rnsul.ts. 


'nie  stress  response  in  the  ttiree-dijnensional  theory  of  an  invi.eeid  fluid 
involves  only  a hydrostatic  pressure.  if  the  fluid  is  also  incompressible,  then 
the  pressure  becomes  an  arbitrary  constraint  response  function  and  the  detenrdnate 
part  of  the  stress  response  vanishes  identically.  Ke'.'])inf^  this  in  mind,  as  in 
f3]  , we  define  an  inviscid  incompressible  directed  fluid  jet  by  the  assiomption 
that 


A 

n 


0 


Tt 


= 0 


(6.1) 


Substituting  these  values  into  (4.62)  to  (4.^4),  we  obtain 


-p^-np  ji^02g  = ' ^1^2z'^^^2’^l’®z^ 


X-  o • 2 2 

P + 0^02*^^^!  ’^2  ’ ®z  ^ ^1^*2  ( - 'JUj_ ) > 


■X"  • 

m(0j_,02  5 02)  = 4'  0T0o(uJl  ) , 


(6.2) 


P + 0^02^(02  5 ^ i'  020p(C2  £2  ' "“2^  ’ 


- m(02,0^50^)  = np  ’ 


where  we  have  omitted  the  superposed  star  from  the  gravitational  constant  g. 

In  a complete  theory,  the  equations  of  motion  (6.2)  must  be  supplemented  by 
the  incompressibility  condition  (4.l6)  and  the  results  (4.8)  and  (5.12).  In 
the  rest  of  this  paper,  for  convenience  we  refer  to  the  straight,  inviscid 
incompressible  directed  fluid  jet  characterized  by  (6.2),  (4.1b),  (4.8)  and 
(5.12 ) as  an  ideal 

We  have  already  seen  from  (5-20)  that  the  sectional  shearing  y vanishes 
Identically  in  the  special  case  of  a circular  jet.  With  reference  to  an  ideal 
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4 

I 


I 


I 

i 


jet,  we  now  ask  if  there  are  other  circumstances  for  which  the  sectional 
shearing  is  also  zero.  For  simplicity,  we  omit  siirface  t,(  nsion  and  set 

h - m - 9 . (6.3) 

kTien  Y=0,  it  follows  from  that 

= '^2  “ 'JJ  • (6.4) 

iTien,  provided  x does  not  vanish,  from  (6.2)  we  find 

= C2  - C > (6.6) 

where  Q is  introduced  for  convenience.  With  the  help  of  (6.3)  to  (6.5),  equa- 
tions (6.2)2  and  (6.2)2^  may  be  combined  to  yield 

(01-02^(C+ -'/)  = 0 . (6.6) 

Hence,  we  conclude  that 

“ 0^  ^ (6.7) 

uni  ess 

C + = 0 . (6.8) 

Vvlien  (6.8)  is  not  satisfied,  it  follows  from  (6.4)  and  (6.7)  that  the  jet  is 
circular.  It  remains  then  to  examine  the  implications  of  (6.8).  From  (6.8), 

(6.3)  to  (6.5)  and  (6.2)25  we  have  p = 0 and  integration  of  (6.2)^^  gives 

V = gt  + f^(ff)  , (6.9) 

where  f^  is  an  arbitrary  function  of  Next,  from  (4.7)^  we  have 


28. 


I 


z. 


(C.IO) 


z'  --  , 

where  is  ;in  firl.iitrjtry  function  of  ^ and  is  such,  tliut"'"  f<jr  £*-il  %• 

■sii.g  (6.'’’)  and  (0.9)  in  (4.1()),  we  obtain 

C=-f{/2z'  (6.11) 

arid  with  (6.8)  and  (6.IO)  this  gives 

'/  = 3C^  . (6.12) 

Then,  substitution  of  (6.3),  (6.4)  and  (6.IO)  to  (6.12)  into  (6.2)^  yields 

u)  = ; = 0 , f^(|)  = const.  (6.13) 

Thus,  if  (6.7)  does  not  hold,  then  au  and  y are  both  zero  and  by  (5-12)  we  also 
have 

e = 0 , (6.14) 

The  above  results  may  be  summarized  as 

Theorem  6.1.  sectional  shearing  ^ vanishes  at  a_  point  ^ in  ^ ideal 

jet  without  surface  tension , then  either  the  jet  is  circular  at  ^ 0£  both  the 
jet  spin  ^ and  the  rate  of  sectional  rotation  a are  zero  at 

As  a consequence  of  the  above  theorem,  we  observe  that  when  the  jet  spin  is 
nonzero  at  a noncircular  section  of  an  ideal  jet  without  surface  tension,  the 
sectional  shearing  cannot  vanish  there.  Hence  follows 

Coroll ary^  6^.  1 . An  ideal  jet  without  surface  tension  can  rotate  r i^^.idl.v  about 
its  axis  only  i£  i®.  circular . 

The  last  result  also  follows  from  the  three- iiin>,nsional  theory.  To  see  thi.s, 

*This  restriction  on  f^  is  due  to  (3.1'^. 
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we  observe  that  when  a tViree- dimensional  body  rotates  rigidly,  the  velocity 
field  in  the  body  is  completely  SiTranctric  with  respect  to  the  ay  is  of  n tation. 
dence  the  ttaree-dimensional  pressure  of  a rigidly  rotating  jet  wiJl  tiave  rota- 
tional symmetry  abo\it  the  jet  aocis.  To  satisfy  t.he  bound;iry  condition  that  the 
pressure  be  constant  at  the  free  siurfoce,  the  jet  must  be  circular. 

In  order  to  proceed  further,  we  need  two  integrals  of  th--  governing  dif- 
ferential oquation.s  (6.2)  which  will  be  obtained  in  ’h'  abrencf.'  of  surf.-ce 
tension.  Thus,  with  m = 0 and  the  use  of  (U.8),  (6.2)  ^ reduce  to 

'JUf  2(0i/0i)ijji  = 0 , U)g  t 2(02/'2'2^"“2  ^ ' ''  *1“.^) 


These  equations  may  be  integrated  in  the  form 


2 

*1'^1  = 


*^2'“2 


(<-  .16  ; 


where  c^  and  c^  are  arbitrary  fiinctions  of  5.  An  immediate  consequence  of 

(6.16) ..  and  (5-5)  is  the  following 

y 

Theorem  6.2.  ^ ajt  some  time  t both  the  j et-  spin  x and  sectional  shearing  ^ 

vanish  at  a point  £ of  ^ ideal  Jet  without  surface  tension , then  they  must 
remain  zero  at  ^ for  all  time. 

This  result  is  similar  to  one  ejq^ressing  permanence  of  irrotational  motion  in 
three-dimensional  inviscid  fluid  theory  (see,  e.g.,  Milne-Thomson  [ 8 , p.  86]). 
We  note,  however,  that  in  addition  to  u),  the  sectional  shearing  y must  vanish  at 
^ to  ensure  that  the  jet  spin  at  ^ remain  zero  for  all  time. 

In  the  special  case  of  a circular  jet,  (4.4?)  implies  that  the  fimctioii  m 
vanishes  even  in  the  presence  of  surface  tension.  Hence,  corresponding  to 

(6.16) ,  in  this  case  we  have 


c(0 


(6.17) 
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vsVi.'re  J is  thr*  rndlun  ol’  tJii’  circular  ,jet  (Ivi'n  by  (5-19)  fui  rii'biirary 

r.  . t'  hrcm  T'  I Inwr 

1u  • IX  i itir-  *■  1 lie  Jet  spin  x ■ ■■  -.1  shes  at  a puitit  y of  an 

.!  !■  a 1 r 1 re  ^lur  Ji  ■ V .^1 ! h : urTace  tens  irm , Uien  it  s.u;  t .ma in  zero  at  ^ For  a 1 1 

X 

lii'ii.-  *-''or>  ov'  r , i i’  tiu^  Jet  pir.  at  ^ i^  not  zero  at  r oiae  t line  t_,  ttie'n  x catitiot 
\ ai.ich  at  \ r all  time . 

Hii  r last,  rx'snlt  is  much  strorujer  than  Theorem  6.?,  hut  it  is  litr.ited 
to  the  special  case  of  a circular  jet. 

iVior  to  a statement  of  the  next  theorem,  we  need  to  dispose  of  .some 
preliminary  results.  With  reference  to  a particular  material  point  we 
"xamine  first  the  temporal  continuity  of  the  various  field  quantities  associated 
with  the  directed  fluid  jet.  To  do  this,  we  allow  a point  of  discontinue ty  s 
to  move  with  velocity  u along  the  jet.  Provided  that  the  point  of  discontinuity 
is  not  material  (that  is,  u/v),  the  field  quantities  of  the  jet  may  be  dis- 
continuous  at  a certain  instant  of  time,  say  t,  when  s is  coincident 
with  p. 

Jump  conditions  for  a general  directed  curve  can  be  derived  by  the  usual 
procedure.  For  our  present  purpose,  we  record  them  here  in  a form  appropriate 
for  the  case  in  which  the  curve  c is  fixed  in  space,  i.e., 

H p(v-u)H  = 0 , 


[[ pv(v-u)  - nB  = 0 , 


(6.18) 


H py“^^(v-u)  - p“ri  = 0 , 

where  v is  the  component  of  the  velocity  vector  tangent  to  c and  where  we  have 
introducxid  the  notation 


a>]]  = . 


(0.19) 
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In  t.he  C£iPe  i f Uie  f-IrHlgtit,  inviscid  Incompressible  fluid  jet  under  coi  sidera- 


t.ieii,  substlf utien  uf  (4. pi),  (4.49), 

(4.91'  and  ('.!)  into  (6.I8)  yields 


IT  p TT2>^i^(v-u  )11  = 0 , 

[[  P*sriSj^0^v(v-u)  ° ’ 

(6.20) 

[[  i p'‘tt0  0 i (v-u)]J  = 0 , (a  =1,2)  , 

1 2 Of 

[['U-  P n0  0 0 rju  (v-u)jj  = 0 , (o'  =1,2)  . 

L c;  a a 

We  now  restrict  attention  to  a discontinuity  in  which 


fl0]]=O  (a  = l,2)  , (6.21) 

a 

i.e.,  a situation  in  which  the  lengths  of  the  semiaxes  of  the  elliptical  cross- 

A 

section  are  continuous  at  t.  This  is  a mild  restriction  from  the  point  of  view 
of  a free  jet.  In  view  of  (6.2l),  from  (6.20)^  we  obtain 

HvH  = 0 (6.22) 

and  this,  together  with  (6.20)^,  (6.21)  and  (4.55)j  results  in 

[[pH  = [[p]]  = 0 • (6.23) 

Also,  the  last  two  conditions  of  (6.20)  yield 


[[i  D = 0 , [[a,  ]]  = 0 , (a=  1,2)  . (6.24) 

a a 

Hence,  the  assiomption  of  continuity  for  0 implies  that  each  of  the  variables 

a 

v,p,p,0^  and  (ju^  ?»re  continuous  functions  of  time.  Ey  appealing  to  the  -quations 
of  motion,  we  can  arrive  at  a further  conclusion  regarding  the  components  of  the 
director  accelerations  0 . In  the  absence  of  surface  tension,  (6.2)  ■ reduce  to 
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P - 4 ’ 

1 ^ 2 /■'  ? 

P = i(  p 0^0  L ^^2  " ^2*^2  ^ ’ 

where  (4.8)  has  been  used  to  eliminate  'Ilicn , combining  (6.21)  and  (6.23) 

to  (6.26) j we  obtain 

\[t  D = 0 (6.26) 

at 

A 

so  that  i is  also  continuous  at  t. 

a 

Consider  now  a particular  material  point  of  the  jet  and  suppose  that  for 
some  time  interval 

t,  < t § t (6.27) 

1 o 

the  jet  is  circular  at  5.  Then  (5-l8)  and  (6*19)  must  hold  for  all  t satisfying 
(6.27)  and  by  differentiating  each  of  thesf  relations  with  r<Tpect  to  time,  we 
obtain 

^1  = 02  ’ '*'1  " '^2  ’ ^1  - *L.  • (6.28) 

In  particular,  we  have 

01  = 02  ’ ^1  " ^2  ’ '"1  ""  '^2  ’ '^l  ■ ^2  ^ " ^o  ’ (6.29) 

where  (6.29)^^  follows  from  (6.I6).  With  the  help  of  (t  .20'^^,  the  expressions 
(6.25),  _ and  (6.16).  can  be  combined  in  the  single  differential  equation 

1 j2  1-  }2 

0101  - 0202  * - \)  = 0 , (6.30) 

02  0^ 

where  we  have  set  ~ *^2’ 

In  what  follows,  we  hold  5 fixed  at  all  times  and  treat  (6.3O)  as  an  ordinary 
differential  f-quation  subject  to  the  initial  conditions  (6.29).  Introducing  the 
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change  of  voriabl es 


(6.30)  can  be  rewritten  in  the  form 

t 6 t 6{.'i  I - o'-  o p]  0 (6.32) 

ai'.d,  in  terms  of  the  variable  6,  the  initial  ccn.diticnc  {^..20)  become 

6(t^)  - 0 , 5(t^)  - 0 . (6.33) 

Next,  we  express  (6.32)  in  the  form 

6 = f(0,0,6)  , (6.34) 

where 

f =-  . (6.35) 

0-6 

Now,  the  function  f depends  upon  6 and  also  implicitly  upon  time  through  the 
arg\jments  jj  and  0.  Clearly  f is  a continuous  f-unction  of  6 and  by  virtue  of 
(6.21)  and  (6.26)  it  also  depends  continuously  on  t.  Moreover,  the  partial 
derivative  of  f with  respect  to  6 is  always  continuous  and  bounded?  The  above 
conditions  are  sufficient  to  ensure  that  f satisfies  a lipschitz  condition. 

Hence,  by  a \iniqueness  theorem  of  ordinary  differential  equations  (see,  for 
example.  Corollary  1,  p.  84  of  Rosenlicht  [10]),  there  is  at  most  one  solution 
to  (6.32)  that  also  satisfies  (6.33)*  By  inspection,  this  solution  is  the 
trivial  one  given  by 

6(t)  = 0 , (-®<t<®)  . (6.36) 

^The  singular  points  0=^6  may  be  ruled  out  since  they  imply  0 =0  and  0,  =0, 
respectively. 


This  means  that  If  t>ie  c^onditions  (6.29)  hold  for  a given  materia.l  point  ? at 

seme  time  *.  , then  the  jet  will  x'einain  circular’  at  that  j)oint  for  aid  time, 

c. 

c-m  mal'.e  a fnrthc’r  observation,  however,  regarding  points  at  which  the  jet 
rruij  be  noncircular’  at  some  time  duj’ing  its  motion.  Cuppose  that  the  jet  is 
notiCirc'Lilar  at  ^ for  some  time  t . Then,  it  follows  from  the  above  analy.cis 
t.hat  thf  j-.'t  can  be  circular  at  Z at  another  instant  of  time,  say  t,  only  if  at 
t all  the  conditions  (6.29)  are  not  satisfied  simultaneou.sly,  i.e.,  if  either 

0^  / 02  or  ^1  " ^2  ' (6.'-SY) 

V.ith  the  aid  of  (6.25),  the  condition  (6.37)  niay  be  i-estated  ns 

01  i 0g  or  0^  / 02  when  = ^2  ‘ (6-38) 

It  is  clear  from  (6.38)  that  if  a noncircular  section  should  later  become 
circular,  it  can  remain  circular  for  only  an  isolated  instant  of  time.  In 
summary,  at  each  material  point,  the  jet  is  either  circular  for  all  time  or  it 
is  always  noncircular,  except  possibly  at  isolated  instants  of  time.  Therefore, 
for  an  ideal  jet  and  in  the  absence  of  surface  tension,  we  can  unambiguously 
classify  each  material  point  as  belonging  either  to  a circular  or  to  a noncircular 
jet,  depending  upon  the  initial  conditions  assigned  to  the  jet. 

V.'ith  the  above  preliminary  background,  we  can  new  prove 
Theorem  6.4.  Let  an  ideal  jet  without  surface  tension  be  noncircular  at  some 
material  point  ^ and  time  t and  let  the  rate  of  sectional  rotation  9 ( ; , t ' = 0. 

Iher. , tne  sectional  orientation  9^1.  will  have  tlxe  s ime  constant  value  for 
■11  t Lme . 

FTcof.  .”rom  the  remarks  preceding  the  statement  of  the  theorem,  we  know  that  the 
Jet  will  al'ways  be  ncncirculru*  at  5 except  possibly  at  isolated  instants  of  tir.e. 

If  we  ’xclude  such  tir.es  for  th-:  moment,  then  9 is  al-ways  given  by  (^. I6',  which 
nay  be  written  in  the  form 
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(6.39) 


0(2i^  ■ ^2^  = ■ ^2  ’ 

where  in  obt.nininf<  (6.39)  we  have  also  used  (6.1b)^  At  tine  t , 9 - 0 ot  i- 
;ind  hence  the  right-hand  side  of  (6.39)  vanishes  identically.  It  then  follov/s 
that  at  the  material  point  g, 


9 = const,  whenever  1 . (6.4o) 

Put  we  can  only  have  0^  = i>2  ^ isolated  instant  of  time,  so  that  9 

must  be  continuous  at  these  times.  Therefore  9 must  have  the  same  constant  value 
for  all  time  and  the  theorem  is  proved. 

An  im.portant  consequence  of  fheorem  6.4  can  be  stated  as 
Corollaxj/  6.2.  some  time  ^ m ideal  jet  without  surface  tension  ^ non- 
eircular  everywhere  except  possibly  at  isolated  points  along  its  leng'th . If  the 

K _ . 

sectional  rotation  vanishes  everywhere  at  time  t and  if  the  jet  does  not  twist 
at  time  then  the  jet  must  ^ without  twist  at  all  times  diiring  its  motion . 


1 


fin)  CUSPS. 


■/'.  Solutions  in  Lomc  sf*' 

V»  (Jirc\i.'-f  roiri'  ;-p<'cl:i  1 .si'lutions  for  ;inil  '-J  li  rt  I cal  .jots. 

Wc  with  t.hf>  form,  r and  r'^caU  f>'Om  {'j  .?S'>)  and  (4. 8'  that  in  the 

case  of  n circular  Jet 


^1  --  ^2  ~ ^ ’ C,  = = C > = '^2  " 


(7.1) 


Aft  r cuts ti tut ir.g  (7.1;^  into  (2.6),  the  expr'-rrion  for  q reduces  to 


T[ 


zz 


0(1 


(7.2) 


and  the  definitions  ;,4.4U)  and  (4.4^)  become 


li  = nq  , m = 0 . (7.3) 

With  the  use  of  (?.l)  and  (7.3) > the  system  of  differential  equations  (6.2), 

(4, 16),  (4.8)  and  (5*2l)  in  the  case  of  a circular  jet  reduces  to 

*2  /2.  ’^2-  2 i*4.‘  ? 2\ 

- P„  -■tfp  gi)  = nq(0  1 +np  0 V , p +nq0  = iprp  0 (,;  t Q'  - <ju  ) , 

Cl  Z 

(7.'0 

tu+2yju  = 0 , 2Jtv^^  = 0 , 0=C3  5 6 = (JU 

A simple  solution  of  the  system  of  equations  (7.*0  In  the  absence  of  gravity  is 

v = v^  , 0^a  , C = Q ’ ’ 

(7.5) 

p = na  (p  - p^)  = - 4fT0  a uj^  + naT  , 

where  use  has  been  made  of  (4.58)  and  where  v^,  a and  are  all  constants. 

With  the  help  of  (7.5)^  and  (7.4)^,  the  rate  of  rotation  of  the  director  pair 
can  be  expressed  in  t.-rms  of  the  average  pressure  p in  the  form 

(P„-P)  + T/d  1, 

9 ■ ■ “o  • <ne>) 

p p 

An  expression  for  the  orientation  0 of  the  director  pair  is  obtained  by 
integrating  (7 -6)  in  the  form 

i7. 


(7.7) 


9 = Q^t  -t  (Qg/v^)z 

where 

+ :;^  = (ju^  . (7.8) 

It  is  evident  from  {'f.'f)  that  the  rotation  of  the  directorr  con  be  decomposed 
into  a rieiid  rotation  about  the  axis  of  the  jet  plus  a steady  motion  repre- 
sented by  waere  the  directors  twist  linearly  along  its  length.  In  the 
absence  of  surface  tension,  (7.5)  is  the  same  solution  as  that  given  by  Green 
arid  l^iws  [5]  where  a further  discussion  of  these  relations  may  be  found.  VJe  remark, 

however,  that  wh  i v =0,  only  the  rigid  part  of  this  motion  will  persist.  L'lien 

c 

due  to  the  rotational  symmetry  of  the  director  pair  in  the  plane  of  the  cross- 
section,  we  may  put  = ^ without  loss  in  generality.  Since  v^  can  be  made  to 
vanish  with  a suitable  choice  of  reference  frame,  it  follows  that  the  motion 
(7.7)  is  dynamically  equivalent  to  rigid  rotation  alone,  i.e. , 


9 = I\t  . 


(7.9) 


Next,  we  examine  steady  solutions  of  (7.^)  and  suppress  explicit 
dependence  upon  time  in  all  functions.  For  such  motions,  the  system  of  equations 
(7.^)  can  be  rewritten  in  the  form 


*2  ,2s  *2 

-p^-npg^  = ’iq(0  )z  ’ 

vuu^  + 2;u)  = 0 , 2C  + V = 0 , 

Zi  u 

From  the  combination  of  (7.10)^^  and  (7.IC) 


p +n0^q  = 4-rrp  0 (v^^  + C - uu  ) , 


v0^  = » v9^  = m . 


, we  have  the  iiriraediate  integral 


= k , 


(7.10) 


(7.11) 


where  k is  a constant.  It  is  clear  from  (7.11)  that  the  velocity  vanishes  only 
if  the  jet  is  everywhere  at  rest.  In  conjunction  with  (?.10)^,  this  implies  that 
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l.he  direotor  pnir  rot.ato.>!'  it’  :uid  only  if  it  twists. 
Kllmination  of  ^ tiftwfcn  (Y.tO)^  f'iv'  F. 


v.u  - V ju  ~ 0 , 

z -z 


arid  thi.s  can  be  int'  f'rated  to  yield 


a)  = av  , 


where  a is  a constant.  iYom  (Y.13)  and  (Y-IO)^  it  follows  that 


as  long  as  the  jet  is  not  at  rest.  We  conclude,  therefore,  that  in  steady  motion 
of  an  ideal  circular  jet  the  twist  per  unit  length  is  constant. 

Returning  to  (Y-13)  and  using  (Y.H),  we  can  express  u)  in  terras  of  0 by 


ka/0 


Substituting  (7.15)  into  (Y.IO)^?  we  obtaii 


[P  + -t  TT0^q  = 


Now  put 


^ 1*22 
p = p + 4TTP  O'  k 


so  that  p =p  . Then,  the  system  of  equations  (7.10)  may  be  written  as 

A * 2 / 2.  * 2 2 1*4/  2. 

p -np  g0  = nq(0  ) t-TTp  0 vv  , P+n0q=^o0(vre;;  , 


V + 2;  = 0 , v0  = 0C 


Apart  from  the  difference  in  the  pressure  terms,  the  above  equations  are 
formally  e-quivalent  to  those  appropriate  for  st.-,dy  motion  of  an  ideal  circular 
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jt't  in  the  tibsence  of  twist . Hence  we  hnve  the  foliowinp;  theorem  of  correspondence: 
ill*  orem  7.1.  Any  steady  .*^0101100  for  a nontwi.atlnK  id-ai  circular  Jf-t  will  aJ_so 
be  £ .solution  for  a twisting  ,j  et  with  l.ht;  twist  /^iven  by  ('( . l4) , provided  that  £ 
is  replaced  by  £ defined  by  ( 7 . 1 7 ) . Conversely,  any  steady  solution  of  (y.4) 
with  a nonvanishing  twist  mu  .at  hove  a constant  tw  i s t per  unit  length  and  hove 
£ and  V given  by  tlie  st'  ody  solution  (7.4)  with  -ju  - 0. 

This  r>'S'rlt  iias  important  imi'licotlor.s  in  certain  inrtnner.c.  For  ■•;<ample,  con- 
sider steady  flow  from  a circular  hole  in  the  bottom  of  a large  tank.  Due  to 
the  Coriolis  effect,  a slight  tw'st  will  bo  imparted  to  the  jet  as  it  leaves 
the  tank.  But,  according  to  Theorem  7-1  we  may  ignore  the  effect  of  the  twist 
if  only  infornuition  regarding  the  jet  radius  or  velocity  distribution  is  desired. 

We  now  turn  to  the  general  elliptical  jet  governed  by  the  system  of  «qua- 
tions  (6.2),  (4.16),  (4.8)  and  If  we  neglect  gravity  as  well  as  siirface 

tension,  these  equations  have  the  simple  solution 

A A 

> UJg  = (U2  5 

= a j 1>2  = ^ ’ ^1  ""  »2  " ° ''o  ’ (7.19) 

1 » , , 2A2.  1 ^/,2A2, 

-p  = grrp  ab(a  uj^)  = i^np  ab(b  , 

where  a ,b ,(JU2  and  v^  are  all  constants  and  must  satisfy  the  condition 

aujj^  = I ijujg  . (7.20 ; 

It  is  perhaps  more  revealing  to  express  (7.2O)  in  terms  of  the  alternative 
kinematic  variables  <ju  and  y introduced  in  section  5-  From  (5.6),  (7.19)  and 
(/.20),  we  see  that  in  the  present  solution  both  uj  and  y are  constants  and 


related  by 


1# 


where  the  1 eign  corresponrls  to  tliat  in  {'f  .20) . In  t^rder  to  get  an  uniorstandi  ng 
ol’  t,he  piiyrical  m'f.ning  of  ('f  .21) , vio  exanirn'  tin.  p-rticular  case  i.ri  v/hi  eh  la-hl 
is  Fnall,  cr  tiie  ,iet  is  nearly  circular.  Tlien , ccju’e.*:  pending  to  trie  pluc  .''ign 


in  f7.2l),  the  ratio  y/u)  is  rrriall,  indicating  a preponderance  of  jet  spin 
accompanied  by  a r>dativ<  ly  rmtill  sectional  shearing.  'rh«-'  minus  sign,  on  the 
iher  hand,  corresponds  to  more  sectional  shearing  than  jet  spin. 

With  reference  'to  the  plus  sign  in  (’/.20),  the  suotionai  rot'>i.ii.n  (5-i2) 
described  by  the  solution  (7.19)  is  given  by 


9 = Q/ 


^2A  2A  A 

b (jUg  - a 'X'^a 

,2  2 a+b 

b - a 


V.'ith  the  help  of  (7.19).^  ^sid  (4.58),  this  can  be  written  as 


- p) 


^ 2 ^ 2 * 
np  ab(a+b)  p (a+b) 


'fhuE , as  might  be  expected,  the  average  pressure  p must  be  less  than  to 
sustain  the  motion  (7-19)-  Again  referring  only  to  the  cas*  when  auj^  = b'i)2, 
we  may  express  ou  and  y in  terms  of  P^  - P in  the  form 


2 2 
O)  - 


1 , ~wl  ^ 1,2  2 2 1 , ~wl  1,2 

+ ) = - (VP^^a  b^  ’ ^ = ^U)  = ~ (Po-P^^a  ■ b) 


When  auj^  =-buj2,  the  relations  corresponding  to  (7.23)  and  (7.24)  are 


•2  2 

9 = af 


'■(Pq-P^ 

p*(a-b)^ 


2 _ 2 1 . 

P 


(7.25) 


’ v"  = vf.)  = -^(p,-p)(^-i)"  . (7.26) 


Hence,  the  solution  separatee  into  two  distinct  cases  which,  using  an  obvious 
notation,  we  have  distinguished  by  the  subscripts  ( + ) and  (-,'.  Proceeding  as 
W'  did  after  (7.6),  it  is  possible  to  show  that  wh-n  the  motion  is  steady,  both 
(7.23)  and  (7.25)  yield  a constant  twist.  Ki-om  (7.23)  and  (7.25)  it  is  also 


clear  that  in  each  case  a twist  of  either  sense  is  possible.  Two  unsteady 


notions  (corresponding  to  0-Q^  + ^t)  in  which  ttie  noncircular  jet  aiipears  to 
rotate  as  a rigid  body  about  its  axis  are  also  possiblet  Of  course,  any  linear 
combination  of  both  tiie  steady  and  unsteady  motions  can  occur.  The  steady  motion 
is  illustrated  in  Fig.  1.  Because  tiie  jet  is  noncircular,  the  configuration  of 
its  free  surface  iti  the  present  solution  appears  more  striking  than  in  tiie  cor- 
lu  spcndir;g  solution  (',■'.5)  fcr  a circular  jet. 

We  close  with  a few  remarks  concerning  the  behavior  of  the  two  solutions 
(Y.24)  and  (7.26)  in  the  limit  |a-b|-*0.  When  a = b,  the  jet  is  circular  with  a 
constant  radius.  From  (5-20)^,  this  requires  that  = 5 corresponding  to  the 

plus  sign  in  (7-20)  and  the  first  of  the  two  solutions  above.  One  would  •■xpect, 
then,  that  we  cannot  properly  take  (7.25)  and  (7.26)  to  this  limit.  The  fact 
that  (7.25)  is  singular  at  a = b seems  to  bear  this  out.  On  the  other  hand, 
taking  the  liirdt  of  (7.2^)  and  (7.24)  as  b-*a,  we  find 


» 2 

P a 


\+) 


4(p^-p) 

*~2~ 
P a 


) V 


( + ) 


0 


(7.27) 


In  view  of  (5.2I),  the  second  of  (7.27)  is  consistent  with  (7.6)  (when  T=0)  and 
the  third  agrees  with  (5.20)2.  Tiie  first  of  (7.27)  really  has  no  significance 


since  there  is  no  discernible  orientation  of  the  cross-section  when  a = b. 
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^By  Corollary  6.1,  a truly  rigid  motion  is  possible  only  when  a = b.  However, 
since  0 measures  the  local  orientation  of  the  ellipse  that  forms  the  free 
surface  of  the  Jet,  a solution  of  the  form  0=n  +\t  would  give  the  appearance 
of  a rigid  body  rotation  about  the  jet  axis.  '' ' 
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App-niiix 


In  this  iijipendix  W"  i'''coi'd  '•l•I■tfl  i i;  d>‘t,ail;-  of  Ih''  appi'ox  im'i  * ion  j r’Of'  ImT'' 
1^)]  whereby  equ-  lions  t^ovi'i’iiinp,  the  motion  of  a rod-lik*'  body  can  b«-  obtained 
by  integration  from  the  thr>.‘e-dim’  tisionaJ  equatioris. 

Let  Uie  materiaJ,  part.icl.  s of  a three-dimensional  body  he  it'-ntifled  with 
the  convected  coordinates  e’  (i  --  1,2,3)  «nd  let  p i--note  the  position  vector 
to  a typical  point  in  the  body  r'  Inti'.e  to  a fined  origin  at  tin's  t.  Then 

dp 


P - P(9‘,0^,e\t)  , ^ 

d9 

" Si  • ’ s"  • Sj  = • 5.*^  ’ ^ij  ’ 


(Al) 


where  g.  a;id  g"^  are  respecti veiy  the  covariant  and  conLsavailant  base  vectors, 
is  the  metric  tensor,  is  its  inverse  and  6^  is  the  Kronecker  delta  in 


3-space.  The  velocity  vector  is  defined  by 


V = p 


(A2) 


where  a superposed  dot  designates  the  material  time  derivative  holding  0^  fixed. 
The  local  field  equations  of  the  three-dimensional  theory  are 

pV  = 0 , 


T + p fg'^  = p V 


(A3) 


Ri  XT'- 


•where  p is  the  tlsrec-uin.en;  icnal  msF.  density,  f is  th.  body  force  vector 
and  a comma  denotes  partial  differentiation  with  respect  to  9'.  Also,  the 
f tress  vector  t on  a sorfaco  w}jose  outward  unit  normal-  is  v is  given  by 


i*“p  * *i  ■'^i 

t = 1 v^g  > V = v^g  ' 5,i  • 


(AM 


hh. 


- r convcni ' ncf>  in  what  follows  wt  set  0^  - 

The  I'ic  ••(lua  0^^  - 0 (o'-l,r’)  licTine  h material  car\c-  in  Kfiace 

'.•.'■•■.ich  W'.-  &r£  me  to  he  nnocjt  h rind  non-intfTffctinr.  A typical  i>oir;t  oi'  tiiis 
• .rve  is  specified  by  the;  position  vector 


= P(0,0,',t) 


(A'^) 


-r.i  the  elc;r.-.iit  of  arc  length  ic  divcii  ty 

d£  - , (a6) 

where  vaiue  of  on  the  ciu've  (At)).  We  acF’un  ■ that  the  body 

occupies  6 region  of  space  in  the  neigliborhood  of  the  Oirve  (A5)  and  is  bounded 
by  the  surface^ 


F(e^,9^;  = 0 


(-A7) 


wnich  is  such  that  a surface  5 = constant  intersects  (A?)  in  a closed  curve  dii. 

We  denote  by  Cl  the  curved  section  of  the  surface  |=  constant  bounded  by  dd. 

Let  the  points  and  with  endpoints  of  a segment  of  the 

curve  (A5)  which  we  denote  by  P,  and  designate  by  CJ^  and  (4,  the  particular 

sections  associated  with  and  respectively.  Now  consider  an  arbitrary 
♦ 


part  P of  the  tiirec-dimensional  region  occupied  by  the  body  such  that: 

■0‘  -M- 

(i)  p contains  P;  and  (ii)  the  boundary  dP  of  P consists  of  the  sections 
li^  and  0^  and  a portion  of  the  surface  (A?)  bounded  at  each  end  by  dQ,  and 
del,.  A body  so  described  is  called  a rod-like  body  end  the  part  P forms 

a portion  of  such  a body. 

*■ 

Ti.e  mass  m of  a portion  of  the  rod-.like  body  is  giver,  by 


We  could  be  more  general  and  assume  that  the  lateral  bounding  surface  of  the 
body  is  given  by  F(d^,B^,%)  = 0 as  in  [6],  lu.t  (A?)  will  be  sufficient  for  the 
present  piurpose. 
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!*  • (*  *i-12 

(P  ) = p dv  = p d0  d0  di^ 


In  t,>'rnis  of  t.hi.'  soKi^otit.  J’  of  t.he  niat'  riHl  ('nr’Vf  '.A'' ; , t name  inarrs  has  t,he 
n 1 * t-rnativt  rfpi’"f^ont. a t ion 


1 'J  «■' 


5 j p <*  V ' 

(J0  J0'jd»  1 p(fi  (IF  I p ds  (p.(rj’)  , 


w'.nre  the  density  p p<  r unit  lonptli  of  the  curve  (A5)  i."  (iefim-d  i,y 


- f*  ' * 12 

X = p(a  = 1 p (j‘  de  10 

•'a 


In  view  of  (A3),  , we  tiote  that 


X = 0 . 


The  curve  (A^)  is  fixed  in  the  rod-like  body  by  the  condition  [6] 

I*  **■  5 a I 2 

■ p 0 d0  ■ d0  = 0 . 


V.'e  also  recall  the  following  definitions  for  the  resultants  n,rr  ,p  : 

n = f de^  d0^  , tt“  = r t“  d0^  d0^  , p“  = I 0®  d0^  d0^  . (AI3) 

We  now  assume  that  for  the  rod-like  body  described  above,  the  position 
vector  (Al)^  can  be  approximated  by 


p = r<0°'d  , d = d(?,t) 

~ ~ ~Q(  ^ 


(Al4) 


ising  this  assum.pticn  in  (Al)  and  (A2),  we  obtain 


^ = V + 0 w , V ••  r , w = (i  , 


g d , g-  = a + 0 d , a - r ' 
~a  ~cr  ~3  a ~-3  ~ 


whfiTe  a prime  denotes  partial  differentiation  with  respect  to  The  equations 
of  motion  in  terms  of  the  resultants  (AI3)  are  obtained  by  suitable  integration 
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over  a soctjon  Q and  arc  given  liy  (for  i'.tailF  ncc  [6]): 


of  (A3) 


2,3 


dn 

if  ’ 


ap 


■-  j V )Q'  a , ^ oif>  ' 

- ki  ^ n I \.y  ^ w , 

(i'  ^ ^ 


provided  that 


dd 

a xn  + d XTT^  I X ^ 0 , 


p>»ixipp  PI  IP 

Kf  = ! P g2  £ ^ I C^g-  ^ g ^ 


‘ dci 


\l°‘  = 1 0^^  p*"  g^'  f*  d9^  d0^  ^ j 9^[d9^  T^  - d0^  T^] 

~ a ~ ’da  ~ 


and 


= ! p"  9®  d0^  de^  . 


(Al6) 

(Ai7) 

(A18; 

(Ai9) 

(A20) 

(A2I) 


If  we  adopt  the  approximation  (A14)  and  identify  the  vectors  d and  the 

~CK 

position  vector  r in  (A14).,  with  the  directors  in  (3-d)o  and  the  position  vector 
(3.l)j^  of  the  curve  c,  then  the  development  of  this  Appendix  and  the  results 
given  in  section  3 are  formally  equivalent.  In  particular,  comparison  of  the 
equations  (All)  and  (Al6)  to  (Al8)  with  those  in  (3*5)  reveals  a 1-1  correspondence 
between  the  two  systems  of  equations  provided  we  identify  the  expressions  (AI9) 
to  (A21),  respectively,  with  the  assigned  fields  and  the  inertia  coefficients 
in  the  theory  of  a directed  curve  discussed  in  section  3* 

Before  closing  this  appendix,  we  obtain  the  appropriate  expression  for 
incompressibility  when  the  position  vector  is  approximated  by  (A14)^.  For  a 
three-dimensional  incompressible  medium,  the  mass  density  p*^  is  constant  and 
by  (A3)j^  the  condition  of  incompressibility  is 


dt 


.=  0 


(A22) 
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Then,  with  the  use  of  (AL^)>  (AP2)  becomes 

ik  • ®’  k ftt.  * o'"'  5T  ti.i 


-3 


lit 


a? 


-P  d? 


= 0 


(A23) 


1 2 

In  ord'-r  that  (A23)hoId  for  ail  values  of  0 and  0 , we  must  have  the  separate 


o'Ondj.t  ions 


-fr  [d.d  -^1 

dl  o§ 


0 . "T 


0 


(A2'U 


un  the  basis  of  the  1-1  correspondence  noted  in  the  proeedlng  paragraph,  it  is 
r- asonable  to  employ  the  conditions  (A24)  ns  constrainis  in  the  theory  of  a Cosserat 
curve  when  considering  incompressible  media.  In  order  to  obtain  some  simplifica- 
tion of  the  conditions  (A24),  we  observe  that  the  two  conditions  (A24)  may 
alternatively  be  expressed  in  the  forms 


dd  ^d-  3w 


(A25) 


Substituting  the  restricted  forms  (4.10)  and  (4.11)  for  d and  w in  (A25), 

' 'M3'  ~Q  1,2 

see  that  each  of  the  scalar  triple  products  in  the  latter  equations  contains 
Uj"ee  coplanar  vectors.  Hence  (A25)^  2 are  satisfied  identically  and  incompres- 
sibility is  characterized  by  (A24)^^. 


48. 


Fig.  1:  An  illustration  indicating  the  steady  notion 

of  a uniformly  twisted  elliptical  Jet. 
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